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Composite Optimization

Want to minimize sum of functions: find 5* with

3" € argmingcpe i fi(B)

Wide range of applications:

Regression Recommender Systems
Bioinformatics Energy Management
Image Denoising Robust/Model Predictive Control



Optimization Setup

Federated Learning: each server might have different data

f(5) fs(5)
c— --- r = ---
f(6)




Optimization over Dynamical Networks

Memory, cross-talk, time delays, other nightmares




Perform automated, disciplined design of fast algorithms
Restrict search using necessary convergence conditions

Accomplish by continuing a link of Optimization and Control

Optimization | Control
1) Convergence Regulation Theory
2) Structure Internal Model Principle
3) Synthesis Robust Control



Background: Algorithm Setting

b—rt



Algorithmic Interconnection

System G connected to map F(z) =Y, 0fi(Z'):

Xk+1 | A‘B Xk
) ()

F x G well-posed: (F~! — D)~! continuous, globally defined



Block Diagram Representation

()
_J

[4]5]|
c|p

abbreviates the interconnection F x G

Xk+1 o A‘B Xk
() (#2) (3) oo




Interconnections Examples: GD/PPM

Gradient Descent Proximal Point Method
Xip1 = Xk — aVF(x) X1 = (I +~v0g) H(xk)
o
w z w z

=



Interconnection Examples: PGD /Douglas-Rachford

Projected Gradient Descent Douglas-Rachford?

of
of,

'Douglas, J., & Rachford, H. H. (1956). On the numerical solution of heat
conduction problems in two and three space variables. Transactions of the American
mathematical Society, 82(2), 421-439.



Fixed Points and Convergence

Fixed point (x*, w*, z*) of algorithmic interconnection:
P g

x* _ A‘B x*

z* C ‘D w*

, w* € F(z")

2Upadhyaya, Manu, et al. " Automated tight Lyapunov analysis for first-order
methods.” Mathematical Programming 209.1 (2025): 133-170.



Fixed Points and Convergence

Fixed point (x*, w*, z*) of algorithmic interconnection:
x* A ‘ B x*
z* C ‘D w*

, w* € F(z")

Convergent: (x*. w*, z*) exists with?
g b )

Consensus: z¥ =2z = .. . =z

Optimality: Y7, w™ =0
Attractivity:  Vxo @ (x, w,z) = (x*(x0), w*(X0), 2*(X0))

2Upadhyaya, Manu, et al. " Automated tight Lyapunov analysis for first-order
methods.” Mathematical Programming 209.1 (2025): 133-170.



Image Restoration

Total-variation denoising of multi-color images

) 1
5 € argmin  Svec(Y) = B + prvTV(B) + xioasn(8)

ﬂERnX"ynC

ﬁ‘(”ﬂ) f(8)

Original Image X Noisy ImageY Denoised S*

Solved by Douglas-Rachford: (v, A) = (2,1), urv = 0.15
10



Algorithms over Networks

Map F may not be accessible (e.g. time-delays, cross-talk)

)

J
w z
=D
y u

‘{ Controller K]—’
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Examples of Interconnections: Delayed DR

Douglas-Rachford with 1-step delay before/after viewing image

oh of
0h 0f
Delay (1, 0) Delay (1, 0)

12



Image Restoration: Douglas-Rachford with Delays

Delays can break convergent algorithms

h-step delay on viewing image data Y

13



Image Restoration: Synthesized with Delays

Want algorithms that converge with network dynamics

h-step delay on viewing image data Y

14



Operator Classes

Ensure convergence over class of F, not just specific F

O : desired class of operators F having unique (8*, w*) with

=1, [, w* € F(z"), S w*=0

Example: each f; is m;-convex, L; smooth, one is nonsmooth

15



Operator Classes

Ensure convergence over class of F, not just specific F

O : desired class of operators F having unique (5*, w*) with

=1, ® 5%, w* € F(z"), S w*t=0

Example: each f; is m;-convex, L; smooth, one is nonsmooth

Algorithm Synthesis:
Design K such that F x (P % K) is convergent for all F € O

15



Optimization as Disturbance Rejection

Send unknown errors (w — w*, z — z*) to 0 using Regulation 3

Specialissue on
The Internal Model
Princinle—l'qnl

BIOCHEMICAL NEURAL
NETWORKS CIRCUITS

3Francis, Bruce A., and Walter Murray Wonham. " The internal model principle of
control theory.” Automatica 12.5 (1976): 457-465.




Robust control theory requires convergence to 0, not to *

Error map Fe.(2) :== F(Z + 15 ® 8*) — w* satisfies 0 € F,(0)

J —3*

W*l
D —&
w z
w z w 2
A\ B
{

When F affine, this is a linear system disturbed by (8*, w*)

B

| =
o

E

17



Linear Regulation (Constant Disturbance)

Rejection of constant disturbances d (e.g. setpoint tracking)

Want to satisfy two properties:

1. Stability: x — 0 when d =0,
2. Output Regulation: e — 0 even when d # 0

18



Disturbance Rejection (Constant Disturbance)

Necc. and suff.* for disturbance rejection in linear systems:

1. Stability: A is Schur (p(A) < 1)

2. Regulator Equation: Linear equation is solvable

X - A B X :X
¢ D / 0

Asymptotic properties: x — x* = Xd, e — 0 for all (xp, d)

4Francis, Bruce A. " The linear multivariable regulator problem.” SIAM Journal on
Control and Optimization 15.3 (1977): 486-505. Includes non-constant persistent
disturbances and the generalization to controller synthesis.

19



Disturbance Rejection through Maps

O zero-centered operators F € O, 0 € F(0)

Disturbance rejection: want e — 0 for all (xo, d, F)

.
—J

w V4
AlB, B

d ClE, D e
c|D, D

20



Regulation through Maps

If linear map F(z) = Az is applied (quadratic objective), then
Stability: A+ B, A(/ — E,A)7*C is Schur

21



Regulation through Maps

If linear map F(z) = Az is applied (quadratic objective), then
Stability: A+ B, A(/ — E,A)7*C is Schur

Regulator Equation: Same as before

SNCHIHRE

21



Regulation through Maps

If linear map F(z) = Az is applied (quadratic objective), then
Stability: A+ B, A(/ — E,A)7*C is Schur

Regulator Equation: Same as before
X - A—Il B X _ 0
cC D / 0
Cancellation of A contribution by regulator equation

(¥ (8] o2

Extends to nonlinearities F € O° if well-posed 21




Convergence of Algorithms




Convergence Conditions

Regulation: e := z — z* — 0 in the presence d := (8*, w")

Convergent algorithm for unique (8*, w*) must satisfy:

1. Robust Stability Dynamics (difficult)
2. Regulator Equation Linear Algebra (easy)

Stability tests used for Dynamics in Optimization Literature:

e Lyapunov e Interpolation Conditions

e Dissipativity e Integral Quadratic Constraints

22



Convergence: No Network Dynamics

Robust Stability: x — 0 for all x; and F € O°

Xk+1 o A‘B Xk
(2)-(ER)(5)  mere

Regulator Equation °: with consensus N, (1, @ [)"N =0

c Lol DN )\ I 0

5Prop 1., Range Space condition from Upadhyaya, Manu, et al. " Automated tight

Lyapunov analysis for first-order methods.” Mathematical Programming 209.1 (2025):
133-170.

23



Convergence Conditions (Networked)

Robust Stability: F.,, x (P * K) has x — 0 for all xg

Regulator Equation: Matrices (X}, X, U*, Y*) exist with

Al o B.NIB, X X%
C.|1.®1l. D,N| D, I l=1 o0 [,
¢,| 0 DN D, U Y

A.| B, X:\ [ X:
C.|D. v | \ U

Top equation infeasible: no convergent algorithm exists

24



Server Example: With Network Dynamics

Sparse 3 € R*: fi.5 quadratics, f5 = X|.|;<1000, ||3*]l0 = 27

25



Server Example: Convergence

Designed algorithm: order(P) = 9c, order(K) = 21c

Tterate

100 150 200

k

Iterate Error

500
1w 0
-500
I

1000
1500

0 50 100 150 200

k

Subdifferential

w

50 100 150 200

k
Subdifferential Error

1500
[

100 150 200

26



Structure of Algorithms




Structural Factorization

If Fx (P K) convergent, then K factors into Core and Model

Model depends only on network P, not on K or O

Based on the Internal Model Principle of control theory®

SFrancis, Bruce A., and Walter Murray Wonham. " The internal model principle of

27
control theory.” Automatica 12.5 (1976): 457-465.



Factorization for No Network Dynamics

Factorization of convergent LTI algorithms for >~°_, m; > 0

)
£

w V4
Acore Bcore
— [ L |k o ]
corel corel
15 X /c 0 Isc
Ccore2 Dcore2 J L

28



Factorization Example: Chambolle-Pock

Chambolle-Pock * with parameters (71, 72, 6)

w
0 0 I
-7 -7l 0
77‘11 *7’1/ 0
(%2—7'1(1-‘,-9))/ —n(1+6)/ —%l

7“Chambolle, Antonin, and Pock, Thomas. "A first-order primal-dual algorithm for
convex problems with applications to imaging.” Journal of Mathematical Imaging and
Vision 40.1 (2011): 120-145.

29



Factorization Example: Douglas-Rachford

Douglas-Rachford with parameters (A, )

ot

(&)

—yAl =l

30



Factorization Example: Static Structure

Parameterization (bo, by, by) € R3 for common algorithms

F
J
v bol  bol byl ... ‘
: . L |klo
byl 0 0 ... Lol Oilsc
bl 0 0 .. !

(by+ by)l byl byl ...

Algorithm

(
Douglas-Rachford, Davis-Yin:  (—y\, —v, —7)
Proximal Point, Forward-Backward: (

(

Gradient Descent: (—7,0,0) 31



Analysis and Synthesis




Exponential Convergence Rates

Analyze speed of convergence, Synthesize fast algorithms

Exponential convergence at rate p: 37 > 0,V k € N, xg € R":

max{[[xic — x|z, [wi = wll2, [lzc = 2|2} < 70" [lx0 — x7]|2-

32



Exponential Convergence Rates

Analyze speed of convergence, Synthesize fast algorithms

Exponential convergence at rate p: 37 > 0,V k € N, xg € R":

max{[[xic — x|z, [wi = wll2, [lzc = 2|2} < 70" [lx0 — x7]|2-

Algorithm Analysis:

Verify worst-case rate p over all F € O

Dissipativity/IQCs: Replace w; € F(z;) by valid relations
32



Convex Functions: Subgradient Inequality

If £ is convex, subgradient inequality implies Yw € 0f(z)

f(2)— () < w'(z — 2)
and if 2/ =0, f(Z')=0: 0<f(z)<w'z

8Van der Schaft, A. (2000). L2-gain and passivity techniques in nonlinear control.
Berlin, Heidelberg: Springer Berlin Heidelberg.

33



Convex Functions: Subgradient Inequality

If £ is convex, subgradient inequality implies Yw € 0f(z)

f(2)— () < w'(z — 2)
and if 2/ =0, f(Z')=0: 0<f(z)<w'z

Any sequence {(wy, z¢)}52 . with wy, € Of(z,) satisfies 8

—00

0 < f(z) < w, z Yk, implying passivity 0 < >°3° . w/ z

8Van der Schaft, A. (2000). L2-gain and passivity techniques in nonlinear control.
Berlin, Heidelberg: Springer Berlin Heidelberg.

33



Convex Functions: Zames-Falb

We have static and dynamic relations:

Static 0 < >07 0wy 2«
Dynamic Vk: 0< Y0 ow/! (2 — zk—t)

34



Convex Functions: Zames-Falb

We have static and dynamic relations:

Static 0 < >07 0wy 2«
Dynamic Vk: 0< Y0 ow/! (2 — zk—t)

For any nonnegative coefficients {11,}2°,, we add them up:

0< Z (,LLOWkTZk) + (Z HthT(Zk - Zkt))
k=0 t=1

34



Convex Functions: Zames-Falb

We have static and dynamic relations:

Static 0 < >07 0wy 2«
Dynamic Vk: 0< Y0 ow/! (2 — zk—t)

For any nonnegative coefficients {11,}2°,, we add them up:

0< Z (,LLOWkTZk) + (Z HthT(Zk - Zkt))
k=0 t=1

This forms a Zames-Falb filter W(p):
rei= (DeZo Me)zk = 2oty MeZie Do Witk 2 0

34



Strongly Convex Functions

Strong convexity with parameter m > 0:
()= f(z) +w!(Z = 2)+ 5] — 2|3, — ZII[I3 is convex
Same Zames-Falb filter W(p): °

M= (D poo )2k = gy MtZkmt D opeo(W — mz) 1 >0

9Scherer, C. W. (2023). Robust exponential stability and invariance guarantees with
general dynamic O’Shea-Zames-Falb multipliers. IFAC-PapersOnLine, 56(2),
5799-5804.

35



Filtering Framework (Analysis)

O: f,— 2|3 p.c.c, and &[|-[|2 — £ p.c.c. if L; < oo forall i

Zames-Falb filter® : W(p): 7 =>, pipi_,

o)

10 )-weighted generalizations of the subgradient inequality. Scherer, Carsten W.,

s
gl
=
~
2
L,
3 -
~_
Q

NI

¢ | D

Christian Ebenbauer, and Tobias Holicki. " Optimization algorithm synthesis based on
integral quadratic constraints: A tutorial.” 2023 62nd IEEE Conference on Decision
and Control (CDC). IEEE, 2023.

36



Analysis Task

Linear Matrix Inequality in (g, X) for fixed p:

X =0, pg>0, pp>0,

a0
[ [O e

Algorithm p-convergent and well-posed if (sufficient)

1. Regulator Equation satisfied
2. LMl is feasible (strict negative realness)

3. D is block-lower-triangular

37



Full-Order Internal Models and Synthesis

Add a model in the middle

Regulator Equation always satisfied

38



Full-Order Internal Models and Synthesis (cont.)

Accumulate Network and Model

Robust-control design of

Subcontroller

Allows for performance

(e.g. convergence rates, tracking)

L Subcontroller

39



Alternating Synthesis

Alternating convex problem
Bisection in p: inner steps
Start with W(p) = I
For fixed 11 : optimize X ¢
For fixed X ¢ : optimize 1

Repeat (w1, X¢) loop

<u

Cr2 | Dr2

LMI solvable g — 7

|

P A | P Br
1| G| D | [

NI

<

40



Extensions
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Perfect Tracking

Track the time-varying optimal solution

Oracle Output Optimality Error

Function Value
20000 [

15000

10000
S~ |
5000 |

41



Time-Varying Delay

Time-varying delay before 0f;
Consensus Error

State Tterate
N

E
50 100 150 50 100 150 0 50 100 150
Time Delay Oracle Output Optimality Error
500 [ 10t
"
My,

HH H
} \

3“

42
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Coordinate Descent

Coordinate descent with 4 blocks

State Oracle Output Optimality Error
600 . ot
400
\\
.
& 3 .
\
AN
N
.
0 10 20 30 10 20 30
k k
Coordinate Consensus Error
4 -\
mmm
(R EE
i I N
23““”‘“‘\\\“{\‘ ““ \\
=} I “ | “ I3
] | \‘\“ “\ \\“ N\
2 ‘\ \‘ I ‘J ‘J ‘\ \\ | \
“‘ | H ‘\ “ | \\\\
1 b [ l ‘/ |
0 10 20 30 10 20 30
k k

43



Fixed Point Equations

Constrained Nash-Equilibrium seeking under delays

Iterate Subdifferential State
6 100 30—
4\ 25 ‘
|
i 50 20|
2 g |
= b= = =15]
o T o0 =
= N 10
2
= -50 5
4 | =
| =
5 -100 5=
0 20 40 60 0 20 40 60 0 20 40 60
t t t
Payoff
10° 1500
1000
- 500
:‘ 10710 T 0‘
b -500
10001 -
102 -1500
0 0 20 40 60
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Take-aways
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Conclusion

Class of F ——

Network P ——

Convergence

Structure

» ——certified algorithm

45




Optimize(d) using Structure!




Backup Slides



Well-Posedness

Well-posed: H := (F~* — D)~ continuous, globally defined

Xk+1 = AXk + BH(CXk), Wy = H(CXk)

Unique trajectory (xk, wi, zk ) ken exists for all xg

Well-posed algorithmic interconnections: Fx G, F* P x K



Information Structures

Block sparsity pattern of D: information flow in iteration k

0
N ): parallel, wy, w, computed independently

o

0
0 >: sequential, z, can use knowledge of w; = Vf(z)

o

0
): implicit loop, z, uses Vfi(z) and 0f(2)
[ ]

Resolvent-and-gradient evaluation: D block-lower-triangular



Subdifferentials of Functions (Frechét)

Sufficient for optimality: 0 € Y7, 9f(5*)

fpcc: Of(8)={g|Vs eR: f(B)=f(B)+g' (6 ~B)}
feSn 0f(B)=0(f — Z|3)8 + mp

b & A e kN w a oo
R




Bonus: Regulation Theory

(open-loop)

b—o



Regulator Equation (constant disturbance)

Senn A(A=NT+BY /. A0
dyi | = 0 / (gk> =10
e C. CT+D ‘ C

|imk_,0 € = “mk_)o C)A(k + (CT + D)dk = (CT + D)do
Persistent error if d # 0 and (CT + D) # 0

Stability + Regulator Equation are therefore necessary and

sufficient for disturbance rejection



Regulation Framework (open-loop)

Given plant P, exosystem S, design a controller K such that:

1. G = P K is internally stable (A from (G)ss Schur)

2. G achieves output regulation

d Al B, | B, e
Cl Dl D12

C2 D21. D2




Regulator Equation (open-loop)

Output regulation of G = P x K: unique T certificate

Open-loop formulation based on matrices (N, ', $, ©)

After indexing <(I:|)) =T from G, define

[ := (I — DcDy2) H(C.O + D(GM + Day)) (1a)
® := Dol + G+ Dy (1b)

(M,T,®,0) exist by output regulation of G = P x K



Regulator Equation (open-loop)

Perform coordinate transformations like before:

N=xN_Nd, E=¢-0d, § =u—Td,y=y—dd

Output regulation (d — all) must be 0: Regulator Equation

dii1 = Sdi (2)

&N AlAN-NS+BI+8 8\ (&

€ = Cl Clﬂ -+ Dlgr + D1 i D12 dk

i G| GN+ Dy — &+ Dy | Dy i

. 5 &

fit | _ (A ]|A©-0S+ BB | [

i | \C| coe+Do—T (D N

' Yk




Regulator Equation (open-loop)

Output regulation achieved if A Schur and (1,0, T, ) satisfy

ns

= o |, (3)
[0)

~ ers | n

Asymptotic tracking, Iimkﬁoo(f(,iv,é, a,y,) =0 implies

k“m XY — Ndi, & — Odk, ux —Tdy, yx — dil| = 0. (5)
—00

Solvability of (3) necessary for perfect tracker to exist



Bonus: Proof of Convergence

——



Test Quadratic

Test quadratic inside Sy,
fi = miq(z) + b/ z + b}

G" | Dr i Di
&' D by

Constant m = diagm ® I,

F(z) = mz + b, F(e) = me

B.
D

Linear system G™ = m x P¢, A
: ! g

(mz + b)x P K opt. alg. &

G™ achieves output regulation Interconnection G™ % K



Assumptions: Convergence

Gives us a chance of assuring convergence in iterates:

A1 377 m; > 0 (strong convexity /uniqueness)
A2 E(m) =1 — Dim is invertible
A3 (A™, B") stabilizable, (A™, CJ") detectable

A2+A3: G™ x K must be able to achieve output regulation



Convergence Conditions

Under A1-A3, any F x P x K that is an optimization algorithm

for all F € O, must satisfy two conditions:

1. Regulator Equation:

2. Robust Stability
Stability uses OY, , .= {F € O | £i(0) =0, 0 € 9(0),Vi}

m

Regulator Equation: verify by linear algebra

Robust Stability: More difficult, requires dynamics



Convergence: Test Regulation

Why these conditions?

G™ » K must have output regulation, inside class O, ,

Describe state-space matrices of G™ as Q¢ + Qp:

Al 0 BN B

Qo= G|1; @I DN |Dyp |, (6)
G| 0 DuN!D,
B:

Qm = | D mE(m)—l(q\ls@/C DlNngz)




Convergence: Test System Regulation

Exists (I, I, ®, ©) solving regulator equation for G™:

Yy [ A B\ /[6 o
Q m = 5 c ‘ —_= .
r )

Mn Mn
But Q,, | = 0, leaving statement Qg | / =10
r ()



Convergence: Nonlinear Regulation

Perform coordinate transformations

N=xN_nNd, é=¢—-0d, y=y—&d, i=u—Td
Decoupling of d by regulator equation:
& AlB 0B \ [%
4 | _ | G| Dy 0Dy Wi (8)
&k G Dy 0Dy | | de
Vi G| D0} D i
A i ék
§k+1 Ac 03 Bc T ~ o
= : d , weF(Z) (9
( ik c.loip. ) |- (2. (9)
Yk



Convergence: Finish

Robust Stability: lim,_, (%Y, ) = (0,0) for all (2}, &)

Now apply well-posedness of F x Px K for all F € O,
(%6 = (0,0) = lim (&) = (0,0)  (10)

lim
k—o00

This ensures output regulation: limy_,, ex = limy_ 2x =0

Linear regulator theory used for nonlinear problem



Bonus: Proof of Structure




Factorization: General Setting

w V4
 Network P |
y
T e
b | | ~Uunotm. [0

Core restricted to subspace L .., size r := dim(null(Y))



Assumptions: Structure

New assumptions for common structure of K (nice to have)

A—I B
A4 ( c 2 > has full column rank (unique M, T, ®).
1

12

A™ B"
Ab (( 0 ! ) , ( ar Dy )) is detectable.

ICS

Direct interconnection: A4 met, A5 requires > ;_, m; # 0.



Exposure of Internal Model

Internal Model Principle from 1 12

With r = dim(null(®)), recall regulator equation in ©

A. B.
oV (9), (11)
C. D. 0} [

A5: null(®) N null(l) = {0}, and C.(©v) =Tv Vv € null($)

Consequence: rank(©) > r

1 Francis, Bruce A., and Walter Murray Wonham. " The internal model principle of
control theory.” Automatica 12.5 (1976): 457-465.

12Stoorvogel, Anton A., Ali Saberi, and Peddapullaiah Sannuti. " Performance with
regulation constraints.” Automatica 36.10 (2000): 1443-1456.



Exposure of Internal Model (cont.)

Choose invertible (P, Q), such that ®, has full column rank

oo (rin). or (o) aror- (%)

Post-multiply regulator equation by P, transform (K)ss by Q:

Ay Ada| B —I ©n -1, ©11
Acpy A | Bej 0 ©pn [=| 0 Ox (12)
Chi Ch | D! 0 o, T P




Exposure of Internal Model

Line up constraints, label remaining terms as core subsystem

/r Ccorel Dcorel e11 e11
0 Acore Bcore @22 - @22 (13)
- r1 Ccore2 DcoreZ q)Z r2

Recognizable as a cascade involving a system 2 .

Entries of (X .)ss must satisfy affine constraint



Exposure of Internal Model (Final)

Cascade K = ¥ in2core, constrained as (X core)ss € Leore(©)

, (14)

Acore Bcore 0

. @22

£Core(e) - C.corel Dcorel CD - 0
CcoreZ Dcore2 ? r1912 + r2

Y min has r states, may satisfy r < sc



Bonus: Algorithm Factorization




Factorization of Gradient Algorithms

Algorithms with D = 0, s = 1 have integrator after w 3

Al B
ii G| D z

c 1
corel i 1 ‘
CcoreZ 0

We support s > 1 and/or D # 0, have an integrator before z

3Theorem 2.1: Scherer, Carsten, and Christian Ebenbauer. " Convex Synthesis of
Accelerated Gradient Algorithms.” SIAM J. Control Optim. 59.6 (2021): 4615-4645.



Factorization of Gradient Algorithms:

Factorization of Triple-Momentum 4

_ ‘ [ n ‘ 1 } ~ }7
X ~ — — Dl |—
1+n —n|—a u ‘ a0 — (6 +1)n) ‘ a(d+1)

1 00
1+6 —0| 0

4Van Scoy, Bryan, Randy A. Freeman, and Kevin M. Lynch. " The fastest known
globally convergent first-order method for minimizing strongly convex functions.”
IEEE Control Systems Letters 2.1 (2017): 49-54.



Example: Many Algorithms

Algorithm Parameters s | by by b

Gradient Descent « — 0 0
Proximal Point Method A -2 =X 0
Projected Gradient Descent « -a —a -«

Douglas Rachford v, A
Forward-Backward v
Davis-Yin Yy A

W N NN R -
[
)
>
|
2
|
2

Parameters (by, b1, bp) describing static-> ... algorithms



Bonus: Analysis and Synthesis




p-Robust Stability will be verified by Passivity
Static passive operator F: Vw,z |w € F(z): w'z>0

Strictly anti-passive linear system: exists positive definite V:
T
V(xr) = Vi(xo) < 3o — Ui Yk (15)
Interconnection of passive operator and antipassive system:

V(XT) — V(XQ) <0 (16)

yields bounded solution trajectories

If p-weighted system is bounded, then system is p-convergent



Exponential Transformation

F x G is p-convergent for all F € O, if:

1. p-Robust Stability'®: X, — 0 VF € O%.1, Xo
Xic+1 ptA ‘ p'B X

- —kEr k=
, Wy € F(p“z
Z c | o W k€ Foa)

2. Regulator Equation: Same as before

15Scherer, Carsten W. " Robust Exponential Stability and Invariance Guarantees with
General Dynamic O'Shea-Zames-Falb Multipliers.” IFAC-PapersOnLine 56.2 (2023):
5799-5804.



Structured Control

Constraints on (Acore, Beores Ceore1s Ceore2): nonconvex design 10
Joint search over (X o, ©12, O22, A) to minimize p

For fixed @y, use hinfstruct *” for H., synthesis

16V Blondel and J. N. Tsitsiklis, “NP-hardness of some linear control design
problems,” SIAM journal on control and optimization, vol. 35, no. 6, pp. 2118-2127,
1997.

7P, Gahinet and P. Apkarian, “Decentralized and fixed-structure Hoo control in
MATLAB,"” in 2011 50th IEEE conference on decision and control and european
control conference. IEEE, 2011, pp. 8205-8210.



Valid Relations

Subgradient inequality f € Sp o, (x,x’) € dom(f), g € Of(x)

F(x) = f(x) +g" (X' = x). (17)

Can be generalized to Sy, 1, p-weightings
Define V(x, g) := f(x) — mq(x) — oq(g — mx)
Given f € Sm,La a; >0, X € R”,g,- € a,‘lé?f(a;)?,) :

V(X a181) — V(aak, axgs) <

041(E1 — m)_q)T[ozl(aL)_q — O'gl) — sz(O-L)_(Q — O'EQ)],

(18)



Filtering Framework

One-step delay operator z, filter coefficients \’

Zames-Falb filter: W(\) = blkdiag(pi — > ™\ pi ) ® I,

v=0 utu

Vmax

d p A >0 Vr>1: A, <0 (19)

v=0

=1

V()

o]
Y
=B
Q
s =
~—
WQ

S
N




Zames-Falb Filters

Conic combinations of dissipation relations {z, };™% > 0

T-1 Vmax
> (qukT P+ > 11,8y (P — Pylsk—u)> . (20

k=0

r=1

Summarized by A coefficients

Vmax

> p A >0 Yr>1: A, <0 (21)
v=0

Association between A\ and v
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